ABSTRACT. Let R be a Cohen-Macaulay local ring. It is shown that under some mild conditions, the Cohen-Macaulayness property is preserved under linkage. We also study the connection of (S n ) locus of a horizontally linked module and the attached primes of certain local cohomology modules of its linked module.
Theorem A. Let (R, m) be a Cohen-Macaulay local ring of dimension d and let X be an open subset of Spec R which is contained in Gor(R). Assume that M is a horizontally linked R-module and that n is a positive integer. Then X ⊆ S n (M) if and only if Att R (H
Note that for an Artinian R-module N, Att R (N) = / 0 if and only if N = 0. Therefore, the above theorem can be viewed as a generalization of Schenzel's result. We should note that Theorem A is new even in the case of cyclic module. The above theorem helps us to study the attached primes of local cohomology modules of a linked module. As an application of Theorem A, for a horizontally linked module M over a Gorenstein local ring R and a closed subset X of Spec R, it is shown that Att R (H i m (M)) ⊆ X for 0 < i < dim R if and only if Att R (H i m (λ M)) ⊆ X for 0 < i < dim R (see Corollary 3.8).
There is another interesting generalization of the Peskine-Szpiro Theorem, due to Martin [18] . Let R be a Gorenstein local ring and let I be a Cohen-Macaulay ideal linked to J by an ideal a, where a is Cohen-Macaulay and generically Gorenstein. Then J is Cohen-Macaulay if and only if I + b is a CohenMacaulay ideal with the same height as b, where b is an ideal of R, containing a, with b/a equal to a canonical module of ω R/a [18, Corolary 2.11] . In the second part of this paper, we study the theory of linkage for Cohen-Macaulay modules. As a consequence, we generalize the Martin's result to the module case. More precisely, we have the following result (see also Corollary 4.3 for a more general case).
Theorem B. Let R be a Cohen-Macaulay local ring with canonical module ω R and let a be a generically Gorenstein, Cohen-Macaulay ideal of R. Write ω R/a ∼ = c/a. Assume that M is a Cohen-Macaulay R-module which is linked to an R-module N by the ideal a. Then N is Cohen-Macaulay if and only if
depth R (M/cM) ≥ dim(R/a) − 1.
The organization of the paper is as follows. In Section 2, we collect preliminary notions, definitions and some known results which will be used in this paper. In Section 3, we study the connection of (S n ) locus of a horizontally linked module and the attached primes of certain local cohomology modules of its linked module. As a consequence, we prove Theorem A in this section. In section 4, we study the theory of linkage for Cohen-Macaulay modules. We prove Theorem B in this section. In section 5, we establish a duality on local cohomology modules of a linked module.
DEFINITIONS AND PRELIMINARY RESULTS
Throughout the paper R is a commutative Noetherian local ring and all modules over R are assumed to be finitely generated. We start by recalling several definitions and terminology from [2, 5, 20] .
([2]). Let M be an R-module. For a positive integer i, we denote by Ω i M the i-th syzygy of M, namely, the image of the i-th differential map in a minimal free resolution of M.
The transpose TrM of M is defined as the cokernel of the R-dual map ∂ * 1 = Hom R (∂ 1 , R) of the first differential map ∂ 1 in a minimal free resolution of M. Hence there is an exact sequence of the form 
is totally C-reflexive if and only if
We catalogue some properties of Gorenstein dimension with respect to a semidualizing module: [17] and [5] ). 
An R-module M is said to satisfy the property S k if depth
The following result plays an important role in the proof of Theorem A. 
for every R-module M, integer i ≥ 0 and prime ideal p ∈ R.
LINKAGE AND THE ATTACHED PRIMES OF LOCAL COHOMOLOGY MODULES
Recall that a subset X of Spec R is called stable under generalization provided that if p ∈ X and q ∈ Spec R with q ⊆ p, then q ∈ X . Note that every open subset of Spec R is stable under generalization. For an integer n, set X n (R) := {p ∈ Spec(R) | depth R p ≤ n}.
We start by recalling the following result. 
Then we have the following. The proof of Theorem A is based on the following lemma, which is of independent interest.
Lemma 3.2. Let C be a semidualizing R-module and let M be an n-torsionfree R-module. Assume that M ∈ A C and that
Proof. We argue by induction on n. Let n = 0 and let p ∈ Ass(Ext 1 R (TrM, R)). Consider the following exact sequence (see [21, Proposition 5 
Consider the universal pushforward of M:
where F is free and Ext [21] ). Hence, by [2, Lemma 3.9], the exact sequence (3.2.3) induces the following exact sequence
where P is a free R-module. It follows from the exact sequence (3.2.4) that M 1 is (n − 1)-torsionfree. Also, by the exact sequence (3.2.3), M 1 ∈ A C . Hence, by induction hypothesis
Now we can present our first main result. 
Theorem 3.3. Let (R, m) be a formally equidimensional local ring of dimension d which is the homomorphic image of a Cohen-Macaulay ring. Assume that M is a horizontally linked R-module and that n is a positive integer. Assume further that X is a subset of Spec R which is stable under generalization and that R p is Cohen-Macaulay and G-dim
As M is horizontally linked, Ext 1 R (TrM, R) = 0 and so 1 < t ≤ n. Note that q ∈ S n (M) for all prime ideal q with q p 0 , because p 0 ∈ Min(Y ) and X is stable under generalization. In other words, by Theorem 2.4,
As R is the homomorphic image of a Cohen-Macaulay ring, all formal fibre of R is Cohen-Macaulay. Therefore, 
. Therefore, by (3.3.5), Theorem 2.7(iii) and the local duality theorem,
It should be mentioned that Theorem 3.3 is new even in the case of cyclic module. 
As a consequence of Theorem 3.3, we have the following result. 
Proof. The condition (i) is equivalent to say that X n−1 (R) ⊆ S d (M). Now the assertion is clear by Theorem 3.3.
The following is an immediate consequence of Theorem 3.3 and Theorem 2.7(ii). 
The following statements are equivalent:
where ℓ(−) denotes the length. 
By Theorem 3.3, M p satisfies S n . In other words, as R p is Cohen-Macaulay,
On the other hand, as R is equidimensional and catenary,
If n ≥ dim R p , then M p is maximal Cohen-Macaulay by (3.7.2) and so H
3) which is a contradiction. On the other hand, if n < dim R p , then depth R p (M p ) ≥ n by (3.7.2) and so H
Recall that a subset X of Spec R is called specialization-closed if every prime ideal of R containing some prime ideal in X belongs to X . The following is an immediate consequence of Theorem 3.7. 
In the following, we extend Theorem 3.3 to include a change of ring. First we need to recall some definitions and results from [13] . 
Proof. As R is Cohen-Macaulay and c is G C -perfect, R/c is Cohen-Macaulay. By Theorem 3.10(ii), G-dim R/c (M) < ∞. Now the assertion is clear by Theorem 3.3.
In the following, we describe the attached prime ideals of H 
Theorem 3.12. Let (R, m) be a Cohen-Macaulay local ring of dimension d. Assume that M is an Rmodule of finite and positive Gorenstein dimension which is horizontally linked. Set c = c(λ M). Then
is an Artinian R-module, it has a natural structure as an R-module. More precisely, it is an Artinian R-module. By Theorem 2.7(iv),
. Note that by local duality theorem and Lemma 3.1, M is (d − c)-torsionfree R-module. It follows from Theorem 2.7(iii), local duality theorem and Lemma 3.2 that
On the other hand, by [22, Proposition 9 .A],
It follows from (3.12.1), (3.12.2), (3.12.3) that
As M is n-torsionfree, by [3, Proposition 3.6], there exists the following exact sequence: R) ) and so p / ∈ S n+1 (M) by Theorem 2.4. Note that depth R p > n. Therefore depth R p (Y p ) = n − 1 and depth R p (X p ) > n. By localizing the exact sequence (3.12.5) at p, we conclude that depth R p (M p ) = n.
Conversely, assume that p ∈ S n (M) \ S n+1 (M) and that depth R p (M p ) = n. Hence by (2.3)(ii), depth R p > n. By localizing the exact sequence (3.12.5) at p, we conclude that depth R p (Y p ) = n − 1 and so depth R p (Ext n+1 R (TrM, R) p ) = 0. In other words, p ∈ Ass R (Ext n+1 R (TrM, R) ). Now the assertion follows from (3.12.4).
For a subset X of Spec R, we denote by X the closure of X in the Zariski topology. 
Proof. First note that by [8, Theorem 4.2] , for a prime ideal p of R we have
1). It follows from Corollary 3.12 that
Note that q ∈ S n (M) and so by (3.13.1) j − dim R/q ≤ dim R q − n. Hence j ≤ d − n which is a contradiction.
LINKAGE AND COHEN-MACAULAY MODULES
The first main theorem in the theory of linkage was due to C. Peskine and L. Szpiro. They proved that the Cohen-Macaulayness property is preserved under linkage over Gorenstein rings. Note that the above statement is no longer true if the base ring is Cohen-Macaulay but not Gorenstein. On the other hand, there is an interesting generalization of the Peskine-Szpiro Theorem, due to Martin [18] . Let R be a Gorenstein local ring and let I be Cohen-Macaulay ideal linked to J by an ideal a, where a is Cohen-Macaulay and generically Gorenstein. In the theory of linkage of modules, Martsinkovsky and Strooker generalized the Peskine-Szpiro Theorem for stable modules over Gorenstein local rings [20, Proposition 8] . In this section, we study the theory of linkage for Cohen-Macaulay modules. As a consequence, we generalize the Martin's result to the module case.
A semidualizing ideal is an ideal that is semidualizing as an R-module. Let C be a semidualizing R-module. If R is generically Gorenstein, then C can be identified with an ideal of R [34, 
R). Then M satisfies S n if and only if Ext
i R (cλ M, c) = 0 for 0 < i < n. (iii) Assume that R is Cohen-Macaulay and that G c -dim R (M) < ∞. Then M
is Cohen-Macaulay if and
only if cλ M is so.
, where h is the natural epimorphism λ M ⊗ R c ։ cλ M. We denote by ψ the tensor evaluation isomorphism (F 0 , c) . Dualize the free resolution of M, into c to obtain the exact sequence
Set λ c (M) := Coker (Hom( f , c) ). We denote by α the epimorphism
Therefore we obtain the following commutative diagram
with exact rows. Hence we obtain the following isomorphism:
(i). From the exact sequence (4.1.1) we get the following short exact sequence:
As M is a syzygy module, it is easy to see that Ext (iii). If M is Cohen-Macaulay, then cλ M is Cohen-Macaulay by 2.3(ii) and part (i). Conversely, assume cλ M is Cohen-Macaulay. Suppose contrarily that M is not Cohen-Macaulay. c) to the minimal free resolution of M implies the following exact sequences: c) ). It follows from the exact sequence (4.1.
Since M is a first syzygy, we conclude that depth R p > n. It follows from the exact sequence (4.1.4) that depth R p (λ c (M) p ) = n which is a contradiction, because λ c (M) ∼ = cλ M is a maximal Cohen-Mcaulay module by our assumption.
In the following, we extend Theorem 4.1 to include a change of ring. (ii). By Theorem 3.10(ii), Proof. This follows immediately from Corollaries 4.2, 4.3 and the local daulity theorem.
Let n be a positive integer. An R-module M is said to be an nth syzygy if there exists an exact sequence
where P 0 , · · · , P n−1 are projective. By convention, every module is a 0th syzygy. 
Assume that M is a horizontally linked R-module and that
Then the following conditions are equivalent:
Proof. By [30, Theorem 10 .62], there is a third quadrant spectral sequence:
has finite length for all i > 0 (see 2.5). Therefore, E p,q 2 = 0 when q > 0 and p < d and so we obtain the following isomorphisms:
(i)⇒(ii). It follows from (4.5.1) and our assumption that Ext 
Here is a characterization of Gorenstein rings in terms of linkage. 
As Ext [32, Corollary 3.3] . Martsinkovsky and Strooker generalized the above result for all generalized Cohen-Macaulay module which is linked by a Gorenstein ideal [20, Theorem 11] . In this Section, we generalize the above result to modules which satisfy Serre's condition (S n ) on the punctured spectrum of R.
For an ideal a of R, we denote by V (a) the set of all prime ideals of R containing a. Let X be a closed subset of Spec R. Then X = V (a) for some ideal a of R. We call such an ideal a the defining ideal of X . This is uniquely determined up to radical. 
